Let G be a simple connected graph with V (G) = {v 1 , v 2 , . . . , v n } and girth at least 5. Let be the maximum degree of G. In this paper, we present a new sharp upper bound for the spectral radius of G as follows:
Introduction
Let G = (V , E) be a simple undirected graph with V (G) = {v 1 v j ) , is the number of edges in a shortest path joining v i and v j . The diameter of a graph, denoted by diam(G), is the maximum distance between any two vertices of G. The girth of G is the length of a shortest cycle in G, with the girth of an acyclic graph being infinite. We will use the symbol C n to denote the cycle of order n.
Let A(G) = (a ij ) be the adjacency matrix of G with a ij = 1 if v i is adjacent to v j , and a ij = 0 otherwise. It follows immediately that if G is a simple graph, then A(G) is a symmetric (0,1) matrix in which every diagonal entry is zero. Since A(G) is real and symmetric, its eigenvalues are real. The spectral radius of G, denoted by ρ(G), is the largest eigenvalue of A(G). Note that if G is connected, then A(G) is irreducible, and so by the Perron-Frobenius theory of non-negative matrices, ρ(G) has multiplicity one and there exists a unique positive unit eigenvector (also called Perron-eigenvector) corresponding to ρ(G).
Up to now, many upper bounds for ρ(G) were given (see for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] 11, 12] ). Here, we list some upper bounds involving the degree of G.
(Berman and Zhang [1] ): If G is a connected graph, then
and equality holds if and only if G is a regular or bipartite semiregular graph.
(Hong and Shu [9] ): Let G be a connected graph with n vertices and m edges. Then
and equality holds if and only if G is either a regular graph or a bidegreed graph in which each vertex is of degree δ or n − 1. (Shu and Wu [11] ): Let G be a connected graph with
(Cao [3] , Das and Kumar [5] ): Let G be a connected graph with n vertices and m edges. Then
and equality holds if and only if G is either a regular graph or a star graph. In this paper, we present a new sharp upper bound about ρ(G) of a graph G with girth at least 5 in terms of the maximum degree of G and the number of G.
Result and example
Let A(G) be the adjacency matrix of G. By the Rayleigh-Ritz Theorem (see for example [10] ), we have
Now, we give the main result of the paper.
Theorem A. Let G be a simple connected graph with girth at least 5 and the maximum degree of G. Then
Moreover, the equality holds if and only if G ∼ = C 5 . 
Proof. Let
we have
Hence by Lagrange's identity,
Since the girth of G is at least 5, we have that 2x j x k appears in
at most one time and
By (7), we have that
Let B be the adjacency matrix of K n . Then ρ(B) = n − 1. By (5), we get
Thus by (9), we have that
Therefore
In order for equality to hold, all inequalities in the above argument must be equalities. In particular, from (11) we must have that G is a regular graph. On the other hand, we have the diameter of G at most 2 by (8) and x i > 0 for 1 i n. Thus G is a cycle of order 5 by recalling that the girth of G is at least 5.
Conversely, it is easy to verify that the equality is satisfied by the graph C 5 . The proof is completed.
Example B. Let G be a graph of order 7 (shown in Fig. 1 ) obtained by attaching two pendent vertices to any two adjacent vertices of C 5 . We summarize the various mentioned upper bounds for ρ(G) as follows: The table above shows that in some cases, the bound (6) is the best among the above mentioned upper bounds for G. But in a general sense, they are incomparable, for example, when G ∼ = C n , n 6, the bounds (1)-(4) are 2 and better than (6) .
